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Abstract

For dihedral group D,, of order 2n with identity element R,, Square power graph of dihedral group D,, is
an undirected finite, simple graph having pair of distinct vertices X;, X, have edge iff X;X, = X2 or
X,X; = X% for any X € D, where X? =R,. In this research, we have calculated characteristic
polynomials of degree of vertex based matrices such as maximum and minimum matrix of the Square
power graph of dihedral group D,, of order 2n with odd natural number n.

Keywords: Dihedral group, square power graph, vertex degree, characteristic Polynomial, maximum
matrix, minimum matrix

Introduction

Recently various graphs having groups as their vertex set are studied. Square power graph of
finite abelian groups are studied in 2 whereas cubic power graph of finite abelian group in !
and for dihedral group in ™. Degree of vertices of k" power graph of finite abelian group is
calculated in Bl. Laplacian polynomial of square power of D,, for even n is calculated in [
whereas for power graphs in [, Various degree-based matrices characteristics polynomials are
calculated in [,

Throughout this paper, we have used

Dy, = {Ry, R360, R2x360, R3x360, ** Rm-1)x360, g, Fops Fayy - Fy 3, D€re Rixseo are rotation

n n n
elements for 0 <i < n —1and Ry = Ry; and Fy, are reflection elements all with order 2 for
1<j<n

Definition 1.1 [9] The maximum matrix of [, ,(D,), denoted by Max(T,,,(Dy)) =
[max;;]2nx2n Whose (i, )™ entry is
max {degpcpg(pn) (X)), degr,, o) (Xj)} ,if X; # X; and they are adjacent

maxl-j = {
0, otherwise.

Definition 1.2 [10] The minimum matrix of T,,,(D,), denoted by Min(T,,,(Dy)) =
[min;;]2nx2n Whose (i, /)™ entry is

miny; = {min {degpcpg(pn) (X)), degr,,,(n) (X]-)} ,if X; # X; and they are adjacent

0, otherwise.
Characteristic Polynomial

Theorem 2.1 Let I (G) be square power graph of D,, and n is odd number then degree of any
vertex X
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n—1ifX =R,,
degpsq(a) (X) = {n — 2if X is any rotation element vertex other than R,
n — 1if X is any reflection element vertex.

https://www.mathsjournal.com

Theorem 2.2 Let D,, be dihedral group of order 2n = m with odd number n and PMax(Tsq (Dn) be characteristic polynomial of the

YH-4+

m—-4 m-2 m-—6

maximum matrix of Tyq(Dy). Then, Puax(ryq@ny = (1) 2 A+ A+ m—4)+ (A = A=
m-2
G-DHA-T+1)7.

2-10m+24 3-6m?+12m-8

4 )= (= 8

Proof. Let I and O be % X % order identity and zero matrices respectively.
Using Theorem 2.1 we get the maximum matrix,

Max(Ty @) =" 3y |

[0 m_1 21 21 ... B4 ]
2 2 2 2 2 2
Z-10 0 Z-2 -2 T2 -2
2 2 2 2 2
m_ 0 0 m_oy I*_ . o 9
2 2 2 2 2
m m m m m
where, M, = |31 5-2 3-2 0 0 Z-2 Z-2f
-1 Z2-2 Z2-2 0 0 Z-2 -2
2 2 2 2 2
Z-1 -2 Z-2 Z-2 -2 0 0
2 2 2 2 2
Z-1 2-2 -2 -2 Z-2 0 0 |,
L2 2 2 2 2 dm m
2 2
[0 L | Mo Iy
2 2 2 2
" 10 o mo1
2 2 2 2
12 10 12
M; =12 2 2 2
L 0 o
2 2 2 2
m.,r_, "y m_ 4
L2 2 2 2 dm . m
2 2
ThUS, PMax(qu(Dn)) = |M1 - /‘lll X |M2 —All
p 1 22,20 0202
2 2 2 2 2 2
Z_o1 2 T 22 o o 2 2
2 2 2 2 2
T 10 2 Z 2, T 2,
2 2 2 2 2
D1 Z 22 52 2 o T 22
My —All =3 2 2 2 2
21222 3 0 A L L)
2 2 2 2 2
T 1222, 5,2, A 0
2 2 2 2 2
LS T N B N R ~2
2 2 2 2 2

Applying, R; = R; — Ryyy forall i = 2,4,,% — 1

~gg~
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1 m 1 m 1 m 1 m 1 m ) m .
2 2 2 2 2 2
E—l 0 —A m_z ﬂ_z E_z E_z
M, —an= 0 0 -1 2 0o 0
P T A A
o o 0 0 0 -1 2
22 22 22 2% 5 o -2
PR R W R 212
2 2 2 2 2 2
E—l O —ﬂ E_Z E_Z ﬂ_z ﬂ_z
:AmT_ZO 0 0 -1 1 0 0
m_l m_z m—z 0 -1 E—Z E_Z
2 2 2 > >
; 0 0 0 0 -1 1
242 22 22 20 5 o -2
Applying, C; = C; + C;_, forall i = 3,5,...,%
r D128 -y D1 281 21 281
2 (2 ) 2 (2 ) 2 (2 )
Z-10 -1 22 2Z&-2 _2 2l
m-2 m-2 2 2 2 2 2
My —AI| = (-1) % X & Qn Qn 0 . 1 0 9n 0 N
0 0 0 0 0 1 0
Z-1 T2 25-2) T2 2G-2) 0 )
2 2 2 2 2
Applying, R; = R; — R; forall i = 5,7,...,%
m-z _m-2
M, —Al| = (1) % A =
A go1o2gen 512G ™yl
2 2 2 2 > 3
0 1 0 0 0 0 0
m—l 0 -1 m—z Z(m_z) m_z Z(E—Z)
2 > > . :
0 T—Z Z(E—2)+,1 _(m_z) —/1—2(&—2) 0 0
2 2 2 2
0 0 0 0 0 1 0
Z_2 2&-2+2 0 0 PPN
2 2 > >
Extending through a,;, a4, -, agm_ymy)
roo2G-1 2G-1 2C -1
(2 ) (2 ) (2 )
m_l -4 Z(T—Z) z(m_z)
m-2 m-2 |2 2 2
M —Al| = (—=1)+ A= m m
0 2(-2)+42 —-A-2(z-2) - 0
---2 cee 2 .
m m
0 2(3_2)4'1 0 _1_2(5_2)

~5g~
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2 28— 2221
G-1 2G-1)
m-2 m-2 m-—6 T_ 1 _/1 2(&_2)
=(-1) T A s (m—4+) 7 |2 2
0 1 -1
0 1 0
Applying, C, = C, + C3 + -+ + Cma2
4
m—-4 m-2 m-—6
M, —Al|=(-1) 2 A+ (m—4+A)
1 22 221 221
G-DED) G-1 - 25-1)
™1 a2 ™28 M, 222
. G- 2G-2) - 2G5-2)
0 0 1 .0
0 0 0 a1

m-4 m-2 m-6
My —Al|=(-1)z A+ (m—4+2)+ |

- G-DGE-D

https://www.mathsjournal.com

m
2(5— 1)

m
2(5—2)

m m
A+ G -DE-3)

m3 —6m? +12m — 8

m_y
2
m-4 m-2 m-6 m? —10m + 24
M, Al = (—1) T A7 (m—4+A) {22 —( ;
A 1 1 m_q 1
2 2 2 2
m_1 - 1 mo My
2 2 2 2
m m m
|M2_,u|=z—1 Z-1 2 2—1 Z-1
mo o,y 1 2y
2 2 2 2
mo oy m_1 22
2 2 2 2

Applying, R, ® R; + R, + -+ Rm

2

m m m
A (212 A (212 A+ (212
2 2 2
T -2 A
2 2
2 T 2
My — Al = 7 2
Z_ 2 2
2 2 2
m_ m_ m_
2 2 2
1 1 1 1 1
m_ o om_ o m_om_
2 2 2 2
M R T,z
. m_oy Mmoo m_, m_
={-A+G-D3E 2 2z
2,202 i 2
2 2 2 2
L L |
2 2 2 2

Applying, R; = R; — (5 — DR, forall i = 2,3, %

~60~

_

Uy

=

8

m m
A+ C e e Gy
2 2
m_ m_
2 2
m_ m_
2 2
A o1
2
o -2
2
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m
My = 21 = (=2 + (5 = 1)?)

11 1
m
0 —A->+1 0 w0
m
0 0 ~A=Z+1 0 0
m
0 0 0 ~A=Z+1 0
m
0 0 0 w0 —A-o+1

My = M| = =2+ Z - DH(-A- 2+ 1)z

m—4 m-—2

Hence PMax(FSq(Dm)) = |M1 /‘lll X |M2 —A[l = {( 1) 2 1 2 (m 4 + A)—{AZ ( 10m+24)/»l _ ( —6m28+12m—8)}} %
R B R e R e AdCE

-2

1)2}(-1-2+ N

Theorem 2.3 Let D,, be dihedral group of order 2n = m with odd number n and Puin(ryq (o)) be characteristic polynomial of the

m-4 m-2 m2-10m+24

minimum matrix of T4 (D). Then Pyin(reqopy = (1) 2 A4+ (m—4+ /1) 4 {/12 - = A=
-10 +32 32 =z
RISy 2+ G- DA -2+ 1)F
Proof. Let I and O be % X % order identity and zero matrices respectively.
Using Theorem 2.1 we get the minimum matrix,
. M, O
Mln(rsq(Dn)) = [0 Mz]
0 Z-2 T-2 Z-2 Z-2 =-2 Z-2
2 2 2 2 2 2
Z-20 0 Z-2 Z-2 Z_2 T2
2 2 2 2 2
Z-20 0 T2 -2 22 -2
2 2 2 2 2
m m m m m
Where, M, =[5 ~% 372 372 0 0 P
T2 2-2 Z-20 0 Z-2 -2
2 2 2 2 2
Z_2 Z-2 Z-2 22 =- 0 0
2 2 2 2 2
T-2 Z-2 Z=2 Z-2 ==2 0 0 |nm
L2 2 2 2 2 Iz
[0 T2 o1 I
2 2 2 2
n_ 1 0 n_ 1 n_ 1 n_ 1
2 2 2 2
n_ 1 n_ 1 0 n_ 1 n_ 1
M; =12 2 2 2
m 1 m 1 m 1 0 m 1
2 2 2 2
T2 2 0 200
-2 2 2 2 UL

ThUS, PMin(qu(Dn)) = |M1 - /11' X |M2 - /‘lll

~g1~
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Applying, R; = R; — Ry forall i = 2,4, -

0

N N N
| | |

E|lNocE|No g
[\l [\l [\l

| | |
ElNoE|No B

[\l [\l

| |
flnoElne T

N N
| |

~
Eluoc Bl o
AN N
| |
< .
Bl | o8

N
|

~
|

~ .

SN | o of|w:
~N ~

| |
q_A of|No g

2 2(%— 2)

m

0

0
2 2(7-2)

ElNoE|NoE |

~g2~

m
2

0

ElNoE|NoE |

2)

m
2

0
2 2(

m
2

ElNoE o

m
2

)

)

7~

m

0

2

m
2

0

|My — Al =

Applying, C; = C; + C;_, forall i = 3,5, -+
Applying, R; = R; — R; forall i = 5,7, -
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m-2 m-—2
My —Al|=(=1)"% XA

1 Zo2 2Z-2 T2 2&-2 o 2
2 7= 2 72 2
0 1 0 0 0 0
T 20 -2 T2 2Z-y T2
2 2 2 2
. [0 0 0 1 0 0
0 T2 28-2+2 -C-2) -2-2&-2 0
2 2 2 2
0 0 0 0 0 1
0 22 28-+21 0 0 S )
2 2 2
Extending through a,,, as, -+, a(%—n(%—n
1 28-2 22 -2 2Z -2
G- 25-2 G-
2 2 229 229
m-2 m-z (2 2 2
M —Al| =(—=1) 4 A+ m m
0 22— +2 —1-2(2-2) 0
1102 e 2 .o
m m
0 22 _2)+2 0 1-2E&-2)
2 2
1 28-2) 28-2 222
G- 2-2 - 25-2)
m-z m-2 me™_5 ) 22 _ 9 22 _2)
=(-1)2 1+ (m—4+21)+ |2 2 2
0 1 -1 0
0 1 0 -1

Applying, C; = C, + C5 + - + Cma2
4

M, Al = (—1) T AT (m—4+A) 5

m m— 2 m
-4 25D 25-2)

m oy a2 ™= ™,
. G- 2G-2)
0 0 1

0 0 0
-1

My — 2| = (-1) 7 A% (m—4+) 7 |

——2
2

m—-4 m-2

My —AI| = (=1) T A5 (m—4+ ) 7 {22 — (

m
265~ 2)

m
265 ~2)
0

1

m 1 m 2
(?—)(5—)

m m
—A+ (7— 2)(?— 3)

m? —10m + 24

m3 —10m? + 32m — 32

p 1 21 2
2 2 2
12 Zog 2y
2 2 2
__1 E_l _/1 e __1
M, = Al = |7 2 2
1 21 1 p
2 2 2
L T
2 2 2 2

Applying, R, ® R, + R, + -+ Rm

2

4

~g3~
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m
26 -2)
0

m
265~ 2)
0
0

m

~1-2(5~2)
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m 2 m 2 m 2 m 2 m 2
A+ (-2 A+ (z-1) —2+E-1) A+ (-2 A+ (z-1)
2 2 2 2 2
m_y 2 m oy L] m_q
2 2 2 2
21 21 =) 21 21
M, = Al = |7 2 2 2
Z Z 2 A 2
2 2 2 2
o1 gy o T -2
2 2 2 2
1 1 1 1 1
L T N
2 2 2 2
Z 1 -2 M R
m moymoy mo,m_
=(-1+G-D}|2 2 2z
21212 1 2o
2 2 2 2
220 2 Zo1
2 2 2 2
Applying, R; = R; — (5 — DR, foralli = 2,3, %
m
My = | = {2+ (5 = *} X
11 1
m
0 -A->+1 0 w0
m
0 o0 —A-—+1 0 0
m
0 o0 0 ~A=—+1 0
m
0 o0 0 0 —A—=+1
2
M, — 2] = (=2 + (2 - D}(-A- 2+ D)%
m-4 m-2 m-6 —10m+24 3-10m?+32m-32
Hence PMm(FSq(Dn))_|M1—/11|><|MZ—,11|—{( 1)2/14(m 4+/1) Pz - (Tlmezey ) TN X
A+ E-DHA-24 17 Y = ()7 AT (m—dt )5 (22— O 12"”“)1—( LM A o+ (B

DH(-A-2+ 17

References

1. Siwach A, Rana P, Sehgal A, Bhatia V. The square power graph of Zn and Zm2xZ2n group. AIP Conf Proc.
2023;2782(1):020099.

2. Rana P, Sehgal A, Bhatia P, Kumar V. The Square Power Graph of a Finite Abelian Group. Palestine J Math.
2024;13(1):151-162.

3. Prathap RR, Chelvam TT. The cubic power graph of finite abelian groups. AKCE Int J Graphs Comb. 2021;18(1):16-24.

4. Rana P, Sehgal A, Bhatia P, Kumar P. Topological Indices and Structural Properties of Cubic Power Graph of Dihedral
Group. Contemp Math. 2024;5(1):761-779.

5. Rana P, Siwach A, Sehgal A, Bhatia P. The degree of a vertex in the kth-power graph of a finite abelian group. AIP Conf
Proc. 2023;2782(1):020078.

6. Siwach A, Bhatia V, Sehgal A, Rana P. Laplacian polynomial of square power graph of dihedral group of order 2n with even
natural number n. Int J Stat Appl Math. 2024;9(3):1-8.

7. Romdhini MU, Nawawi A, Al-Sharqi F, Al-Quran A. Characteristic Polynomial of Power Graph for Dihedral Groups Using
Degree-Based Matrices. Mal J Fund Appl Sci. 2024;20(2):328-335.

8. Singh SN. Laplacian spectra of power graphs of certain prime-power Abelian groups. Asian-European J Math.
2022;15(02):2250026.

9. Adiga C, Smitha M. On maximum degree energy of a graph. Int. J Contemp Math Sci. 2009;4(8):385-396.

10. Adiga C, Swamy S. Bounds on the largest of minimum degree eigenvalues of graphs. Int Math Forum. 2010;5(37):1823-1831

~g4~


https://www.mathsjournal.com/

