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Abstract

In this paper, we presented a set of basic concepts in the group space, such as the definition of the bi-
shadowing in its parameterized and unparameterized types. In the section three, we presented a set of
theorems to study the bi-shadowing property of two dynamic systems, one of which is bi-shadowing and
the other is (a, B)-bi-shadowing. In the section four, we studied the bi-shadowing property for a group
space of dynamic systems that achieve the bi-shadowing property in two types mentioned.
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Introduction

Shadowing theory is a major theory in dynamical systems. It has an important role in studying
asymptotic behavior and stability in systems, see also [* 2. With it, computer calculations of
the dynamic system can be confirmed and the existence of the true orbit of the system near the
pseudo-orbit, see 341,

The first to develop the concept of shadowing was Walters, P. 1, see more I8 7 8 and the
concept of inverse shadowing and the concept of bi-shadowing were developed by other
researchers, see [> 1 1 Ajam, M. H. O. in % and Al-Badarneh, A. A. in ¥ studied the
property of the bi-shadowing in the multiple dynamical system.

In recent years, the dynamical systems through which these properties are studied have been
expanded to include those dynamical systems in group space. See [14 15 16,1718, 19]

In the section two of this paper, we will present a set of basic concepts in our paper, such as
the definition of the (a, B)-bi-shadowing and the bi-shadowing, which we need in theorems
and their proofs.

In the section three, we will present a set of theorems to study the relationship between two
dynamic systems, one of which is (a, 8)-bi-shadowing and the other is bi-shadowing with
product systems.

In the section four, we will study the relationship between a dynamic systems that achieve
these two concepts with multiple product systems.

Preliminaries

In the definitions, theories and results that will be mentioned in this paper we will suppose that
the action ®: G x y — y of a finitely generated group G with respect to the generating set S,
(S is any generating set of G) on a metric group space (x, (dlx).

We need to introduce the true-orbit and pseudo-orbit definitions.

Definition 2.1: [¥1 We called the sequence {x,: g € G} is true-orbit of the action @ if.
®(s,xg) = xgs fors € S, g € G.

For p > 0, we called the sequence {y,: g € G} is p-pseudo-orbit of an action @ if.
g~
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d, ((s,%), Vgs) < p,fors € S,g € G.

Below we mention the bi-shadowing definition, therefore, we need to provide the definition of distance between two actions. For
@ and W are actions, the distance between them is given by.

dlxo (®,¥) = sxlé)[(){dlx(QJ(s, x), ¥ (s, x))} fors € S.
Definition 2.2: 7] | et (x, (dlx) be metric group space, and @: G X x — x be an action. The action & is called bi-shadowing with

positive parameters o and 3 if there exists 0 < § < 3 such that for any 5-pseudo-orbit {yg: gE (G} of @ and any action f: G X x —
x satisfying.

dy, (@5 <8,
Then there exists a true-orbit {x,: g € G} of f such that.
A (x5, v) < a5+ @ (@,9)) < ap forall g € G.

Definition 2.3: (¥ Let (, d,,) be metric group space, and ®: G x x — x be an action. The action @ is called bi-shadowing if for

all B> 0 there exists a >0 and 0 < 8 < B/a such that for any &-pseudo orbit {yg: gE (G} of ® and any action f:G X x = x
satisfying.

dy, (®,0) < B =35,
then there exists a true-orbit {x,: @ € G} of f such that
d, (%, y5) < @ (6 + aﬂXO(CD,‘P)) <pB forallg € G.

Definition 2.4: 81 We assume that we have two compact metric group spaces (x, dlx) and (Y, dy) then their product metric group
space x X Y with metric defined by

D((X1:Y1)l (Xz:YZ)) = max{(dlx(xl,xz), dY(YleZ)}

for (x1,y1), (X2,¥2) € x X Y. We also consider actions ®: G x x —» x and ¥: G XY - Y, and the product ® X ¥:Gxx XY —
X X Y, where the product action is defined by (® x W)(s, (x,y)) = (®(s,x), ¥(s,y)) for s € S.

Product System
The proof of the following lemma is straightforward, so will be omitted.

Lemma3.1l:Let ®:GXx—>x F:Gxx—>x ¥:GXY—->Yand h:GxY - Y be actions and let a = sup{d, (®(s,x), (s,x))}
XEX
and b = sup{dy(¥(s,y), h(s,y))}, then we have.
yEY
sup {max{dlx(d)(s, x), (s, x)),(dly(‘{’(s, y), h(s, y))}} = max{a, b} fors € S.
XEX,YEY

Theorem 3.2. Let both @ and ¥ be (a, B)-bi-shadowing. Then the product system @ x ¥ is (a, B)-bi-shadowing.
Proof. Let {(xg,y¢): 8 € G} be a 8-pseudo orbit of an action & x ¥, with 0 <5 < B, and let d x ¥: G x x X Y - x X Y be an
action and satisfying.

ey, (®,#) = sup Y{ID) (@ x w)(s, (xy), Ex W)(s, (x 1))} < B- 5,
X,Y)EXX

fors € S. D

Since {(xg, yg): 8 € G} is a 8-pseudo orbit of an action ® x ¥ we have, for each g € G, that

max{d (9 (s, xg), Xg2), By (¥(5,¥6), Ves)} = B ((@(5.5%0) W(5,55)) (ke ¥s) ) = D (@ x W) (5, (x5, ) (ks ¥gs) ) < Sis €65,

~49~
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Thus, d, (®(s,xg), Xgs) < & and dy(¥(s,y,), vgs) < 8, for g € G, which implies that both {x,: g € G} of ® and {y,: g € G} of
Y are &-pseudo trajectories. Since both @ and ¥ are (a, B)-bi-shadowing, then for any actions f:GxXx -y and h:GxXY =Y
satisfying

dy, (@, 0) = sup{d, ((s,x),f(s,x))} < B—sfors €S, (2)
XEX

and

dy, (¥, h) = sup{dy(¥(s,y).h(s,y))} < p—5fors€S, (3)
yeY

there exist true trajectories {wy: g € G} of f and {z,: g € G} of I such that

d,,(xg W) < @ (5 +d, (@, ff)), forg € G "
and
dy (g 25) < @ (5 +dy, (@, un)), forge G ©

We consider the following the following Lemma.

Lemma 3.3: Assume that leO(cb, f) > dy, (¥, ) with the relation (4) and (5) then.
D ((xg' ye)(W, ’Zg))

<a (6 + sup D ((db X ¥) (S, (xg, yg)) , (f x Tn) (S, (xg, yg)))>,g € G.

(xxy)exxy

Proof
Case 1: For the values of g € G, for which d, (xg, wg) > dy (g, 2g), and using the relation (4), we have.

D ((xg' yg)(Wg' Zg)) = max{(dlx(xg, Wg)' d]Y(Yg' Zg)} = dx(xg' Wg) sa (5 + ilg(’ (le(d)(s, x), (s, x)))

So, for every € y,y € Y, and using Lemma 3.1, we have.

D ((xg, yg)(wg, zg)) <a (6 + i?é);{? (dlx(<l>(§, x), (s, x)))

=a (5 + max {sup (dlx(db(s, x), (s, x)),sup{(dly(ll’(s, v), h(s, y))}}) =a <8 + sup max{(dlx(xg, Wg), (dly(yg, Zg)}>
XEY yEY

XEX,YEY

=q (5 + sup D ((4’ X ¥) (S' (xg, Yg)) (X T) (S’ (g yg»))

(xY)EXXY

Case 2: For the values of g € G, for which d, (xg, wg) < dy (¥ 2g), and using the relation (5), we have.
D ((xg' Yg) (We, Zg)) = max{d, (xg wg), dy (g, 25)} = dv (Vg 2g)

<a (6 + sup{dy (¥ (s,¥), h(s, y))}) <a (8 + sup d, (@(s, x), (s, x)))
yeY XEX

From the argument of Case 1 above we obtain.

D ((xg, yg)(wg, zg)) <a (6 + sup D ((<I> X ¥) (s, (xg, yg)) , (f x Th) (s, (xg, yg)))>

(xxy)exxy

Case 3: For the values of g € G, for which d, (xg, wg) = dy (g, 2z), We have the same result as in Case 1 and Case 2.

By combining the three cases, we have.
5o~
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D ((xg' e)(w, 'Zg))

<a (6 + sup D <(<I> X @) (§, (xg yg)) ,(f x ) (§, (xg yg)))> for g € G.

(xy)exxy
This ends the proof of Lemma 3.3.

Now we complete the proof of Theorem 3.2
We may assume cdlxo(db, ) > dy,(¥,h), as the other direction can be treated similarly. Then By Lemma 3.3 we get

D ((xg' Yg) (Wg, Zg))

<a (5 + sup D ((d) X ¥) (s, (g yg)) ,(f x ) (s, (g yg)))> forg € G.

(xy)EXXY

Finally, the sequence {(wj, zz): g € G} is a true orbit of £ x I since

(f x Tn) (s, (Wg, zg)) = (ff(s, wg), (s, zg)) = (Wgs, Zgs), 8 € G

This means that @ x ¥ is («, 8)-bi-shadowing.
This ends the proof of Theorem 3.2.

The theorem below is similar to Theorem 3.2, but we will use bi-shadowing.

Theorem 3.4: Let both @ and ¥ be bi-shadowing. Then the product system @ x ¥ is bi-shadowing.

Proof. Assume that for any > 0 there exists @ > 0 and 0 < & < P/, let {(xg¥): 8 € G} be a §-pseudo orbit of an action
dxW¥ andletf xh:G Xy XY — y XY bean action and satisfying.

sup D <(¢, X ¥) (s, (xg yg)) , (f % ) (s, (xg yg))) < ﬁ/a -5

(xy)EXXY
forses (6)

Since {(xxg ¥g): 8 € G} is a 5-pseudo orbit of an action & x ¥ we have, for each g € G, that

mar{d (9 (s, xg), %), b (¥ (5, %5), 56} = D ((9(5,%), ¥(5.%5)). (g 355) ) = B (@ x 9 (5, (5 %)) (g 3s) ) < 6.

Thus, d, (@ (s, xg), xgs) < 6 and dy (¥ (s, g), ¥es) < 8, for g € G, which implies that both {x,: g € G} of ® and {y,: g € G} of
Y are §-pseudo trajectories. Since both @ and ¥ are bi-shadowing, then for any actions f:GXx y » y and h:G XY - Y
satisfying

dy, (@,0) = sup{d, (¢(s,x),f(s,x))} < B—Sfors €S, @
XEY

And

dy, (¥, ) = sup{cdly(‘l’(s, v), (s, y))} < p-6forseSs, (8)
yeY

there exist true trajectories {w,: g € G} of f and {z,: g € G} of h such that

d(xgwg) <@ (8 +d, (@,D) forg e 6 o
And
dy (g 25) < @ (8 + dyy (¥, 1)), for g € G )

We may assume (dle(cb, f) > dy, (¥, ), as the other direction can be treated similarly. Then By Lemma 3.3 with the relation (9)
and (10) we get

~g1~
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D ((xg' e)(w, 'Zg))

<a (6 + sup D <(<I> x @) (s, (xg yg)),([f x Th) (s, (xg yg)))> < B forg € G.

(xxy)exxy

Finally, the sequence {(wj, zz): 8 € G} is a true orbit of £ x h since

(f x h) (s, (w, ,zg)) = (If(s, wg), (s, zg)) = (Wgs, 2g5), B € G

This means that @ x ¥ is bi-shadowing.

This ends the proof of Theorem 3.4.

For the converse direction of Theorem 3.2, we have the following partial result.

Theorem 3.5: Let @ and ¥ be both actions and that the product system @ X ¥ is (a, 8)-bi-shadowing. Then at least one of
actions @ and ¥ is (a, 8)-bi-shadowing.

Proof. Let {xg: g € G} and {y,: g € G} be §-pseudo trajectories of & and ¥, respectively, with 0 < § < f, and let the actions
f: Gx y - yand h: G XY — Y satisfy the relations (2) and (3) respectively. Then for g € G we have the following estimates:

D <(<p x¥) (S' (xg' yg)) ) (xg§'yg8)> =D ((d’(g' xg)' ¥ (s, Yg)) ) (xgs'ygS))

= max{(dlx(cb(s, xg)'ng)' dy (¥ (s yg)'YgS)} <

Thus, the sequence {(xg, yg): 8 € G} is a 5-pseudo orbit of & x ¥ and since @ x ¥ is (a, B)-bi-shadowing, for any action f x
h: G X xy XY = y X Y satisfying the relation (1) there exists a true orbit {(w,, z;): g € G} of f x I such that

D ((xg' yg)(w, 'Zg))

<a (5 + sup D <(<Z> X ¥) (s, (xg, yg)),(f x Tn) (s, (xg, )@)))),g €EG

(X, y)EXXY

So, for every x € y,y € Y, and using Lemma 3.1, we have

max{d, (xg wg), dy (Vg 25)} < @ (6 + sup D ((CD X P) (s, (xg yg)) ,(f x h) (s, (xg yg))))

(X, y)EXXY

=a((5 + sup max{(dlx(xg,wg), (dly(yg,zg)}>
XEX,VEY

=a (6 + max {sup (dlx(c;b (s, x), (s, x)) , sup{(dly(ll’(§, v), h(s, y))}})
XEY yEY

These estimates imply the following three cases.

Case 1: If sup d, (@ (s, x), f(s,x)) > sup{dy(¥(s,y), (s, ¥))}, then we have
XEY yeEY

dlx(xg, Wg) <a (6 + sup dlx(cb(s, x), (s, x))),g € G, (11)
XEX

and hence @ is (a, 8)-bi-shadowing.

Case 2: If sup d, (@ (s, x), f(s,x)) < sup{dy(¥(s,y), (s, ¥))}, then we have
XEY yeY

(dly(yg, zg) < a <6 + sue{dy(W(s, y), h(s, y))}),g EG, (12)
y€
and hence ¥ is (a, B)-bi-shadowing.
Case 3: If supd,(®(s,x), (s, x)) = sup{dy(¥(s,y),h(s,y))}, then the relations in (11) and (12) both satisfied, and
XEX YEY
consequently, both @ and ¥ are (a, )-bi-shadowing.

~g~


https://www.mathsjournal.com/

International Journal of Statistics and Applied Mathematics https://www.mathsjournal.com

Finally, it should be mentioned that both {w,: g € G} of f and {z,: g € G} of I are true trajectories, since

(f(s,w), (s, z)) = (f x ) (s, (Wg, zg)) = (Wgs, Zgs), S € S, 8 € G.

This completes the proof of Theorem 3.5.
For the converse direction of Theorem 3.4, we have the following partial result.

Theorem 3.6: Let @ and ¥ be both actions and that the product system @ x ¥ is bi-shadowing. Then at least one of actions ¢ and
Y is bi-shadowing.

Proof. Assume that for any § > 0 there exists @ > 0 and 0 < & < B/, let {xg:8 € G} and {y,: g € G} be §-pseudo trajectories
of @ and ¥, respectively, and let the actions f: G X y = y and h: G X ¥ = Y satisfy the relations (7) and (8) respectively. Then
for g € G we have the following estimates:

D <(‘p X ¥) (S' (xg' yg)) ) (xgs'yg§)> =D ((d’(s' xg)' ?(s, yg)) ) (xgs'ygs))

= max{(dlx(cb(s, xg)'ng)' dy (¥ (s yg)'YgS)} <é.

Thus, the sequence {(xg, v;): 8 € G} is a §-pseudo orbit of & x ¥ and since @ x ¥ is bi-shadowing, for any action f x h: G x
X XY = x x Y satisfying the relation (6) there exists a true orbit {(wg, z5): 8 € G} of f X I such that.

D ((xg' yg)(w, 'Zg))

<a (6 + sup D ((d) X ¥) (s, (xg yg)) , (f x ) (s, (g yg)))>,g €G

(xxy)exxy

So, for every x € y,y € Y, and using Lemma 3.1, we have.

max{d, (xg wg), dy (Vg 25)} < @ <6 + sup D (((b x ¥) (s, (xg yg)) ,(f x ) (s, (xg yg))))

(x.y)EXXY

=a<6 + sup max{(dlx(xg,Wg),(dly(yg,zg)}>
XEX,VEY

=a (6 + max {sup d, (@(s, x), (s, %)), sup{dy (¥ (s, ¥), (s, J’))}})
XEY yEY

These estimates imply the following three cases.

Case 1: If sup d, (@ (s, x), (s, x)) > sup{dy(¥(s,y),h(s,¥))}, then we have.
XEY yeEY

(dlx(xg, Wg) <a (5 + sup (le(d?(s, x), (s, x))) <B,g€EG, (13)
xX€x

and hence @ is bi-shadowing.
Case 2: If sup (dlx(cb(s, x), f(s, x)) < sup{cdly(‘l’(s, v), (s, y))}, then we have
XEY yeY

(dly(yg, zg) <a (5 + izg{dy(?’(s, v), (s, y))}) <B,gEG, (14)

and hence ¥ is bi-shadowing.
Case 3: If supd,(®(s,x), (s, x)) = sup{dy(¥(s,y),h(s,y))}, then the relations in (13) and (14) both satisfied, and

XEX YEY
consequently, both @ and ¥ are bi-shadowing.
Finally, it should be mentioned that both {w: @ € G} of f and {z,: g € G} of I are true trajectories, since

(f(s,w),h(s,z)) = (f x h) (s, (w, ,zg)) = (Wgs) Zgs), S € S, 8 € G.

This completes the proof of Theorem 3.6.

~G3~
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Theorem 3.7. Let @ be (a, B)-bi-shadowing and ¥ is bi-shadowing. Then the product system @ x ¥ is (a, B)-bi-shadowing but
not bi-shadowing.
Proof. Assume that the positive parameters a and f which choses by (a, 8)-bi-shadowing and for any g’ > 0 there exists a’ > 0

which define by Definition 2.3 there exist 0 < 6 < P [ when B = max{B, B’} and " = min{a, '}, let {(xg ¥5): 8 € G}
be a 6-pseudo orbit of an action @ x ¥, and let f x h: G X y X Y = y X ¥ be an action satisfying

sup D <(<I> X ¥) (s, (xg, yg)) , (f x Th) (s, (xg, yg))> < p"-6.

(xy)ExxY

Since {(xxg ¥): 8 € G} is a 5-pseudo orbit of an action & x ¥ we have, for each g € G, that

max{d (9 (5, xg), %gs), Ay (¥(5,35), 750)} = B ((2(52), ¥(5.55)) . (50 ) ) = D (@ X 9) (5. (5 75) ) (x5, 74s) ) < S5 €5,

Thus, d,, (®(s, xg), Xgs) < 6 and dy (¥ (s, %), ¥es) < 8, for s € S, g € G, which implies that both {x,: g € G} of @ and {y,: g €
G} of ¥ are §-pseudo trajectories.

Since @ is (a, B)-bi-shadowing and ¥ is bi-shadowing, then for any actions f: G X y - y and h: G X ¥ - Y satisfying

dxo(tb, f) = ig){aﬂx((b(s, x),f(s,x))} < B’ -5 fors €S,

And

dy, (¥, h) = i‘]lg/?{dly(lp(& ), h(s,y))} < p'—6forses,

there exist true trajectories {wy: g € G} of f and {z,: g € G} of I such that
(g wp) <@ (6 + dy (@) forge G (15)

And

dy (g 25) < @' (8 + dyo (¥, 1)), for g € G (16)

We may assume leO(cb, f) > dy,(¥,h), as the other direction can be treated similarly. Then By Lemma 3.3 with the relation
(15) and (16) we get

D ((xg' yg)(W, ’Zg))

<a" (6 + sup D <(<1> X ¥) (S' (% Yg)) , (Fx ) (S' (xg, yg)))) <p"forgeG.

(xy)ExxY

Finally, the sequence {(wj, zz): g € G} is a true orbit of £ x h since

(€ x 1) (s, (Wg 2) ) = (£(s,wg), (5, 25) ) = (Wgs, 255). B € G

From our assumptions that [ is positive parameters] and [for any 8’ > 0] we conclude that 8 > g’ and then B"" = max{g, B’} =
B, this means that @ x ¥ is (a, 8) bi-shadowing but not bi-shadowing.
This ends the proof of Theorem 3.7.

Corollary 3.8. Let @ be (a, B)-bi-shadowing and the product system @ x ¥ is bi-shadowing. Then ¥ must be bi-shadowing.
Proof. Since @ is (a, 8)-bi-shadowing, then it is not bi-shadowing, then By Theorem 3.6 ¥ must be bi-shadowing.

Multiple Product System

Theorem 4.1. For n > 2, Let the actions @1, @2, ..., ®" be (a, §)-bi-shadowing. Then the multiple product system @?! x @2 x
.. X @™ is (a, B)-bi-shadowing.

Proof. Assume that n = 3 then we have the actions @1, @2, ®3 are (a, 8)-bi-shadowing, by using Theorem 3.2 we get the action
(@1 x ®2) is (a, B)-hi-shadowing, again using Theorem 3.2 of the actions (®* x ®2) and @3 we get ! x @2 x d3 is (a, B)-bi-
shadowing.

By induction, the theorem can easily be proven whenn > 3.

~gq~
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This ends the proof of Theorem 4.1.
Using the same proof method above but based on Theorem 3.4, the following theorem can be proven.

Theorem 4.2: For n > 2, Let all actions @1, @2, ..., @™ be bi-shadowing. Then the multiple product system ®* x @2 x ... x ®™ is
bi-shadowing.

Theorem 4.3: For n > 2, Let that @1, ®2, ..., ®" be actions and that the multiple product system ®* x @2 x ... x @™ is (a, §)-bi-
shadowing. Then at least one of actions @1, @2, ..., @™ is (a, B)-bi-shadowing.

Proof. Assume that n = 3 then we have the actions @1, ®2,®3 are (a, 8)-bi-shadowing, also by using Theorem 3.2 the action
(@1 x ®2) is (a, B)-bi-shadowing.

Now by using Theorem 3.5 we get at least one of actions (@! x @2) or @3 is (a, §)-bi-shadowing, then either @3 or (®* x ®?)
again using Theorem 3.5 of the actions (@ x @2) then at least one of actions ®* or @2 is (a, 8)-bi-shadowing. Therefore at least
one of actions @1, @2, ®3 is (a, B)-bi-shadowing

By induction, the theorem can easily be proven whenn > 3.

This ends the proof of Theorem 4.3.

Using the same proof method above but based on Theorem 3.4 and Theorem 3.6, the following theorem can be proven.

Theorem 4.4: For n > 2, Let @1, @2, ..., @™ be actions and that the multiple product system @ x @2 x ... x ®" is bi-shadowing.
Then at least one of actions @1, @2, ..., ®" is bi-shadowing.

Theorem 4.5: For n > 2, Let all @1, @2,..., @™ be actions if one or more of them is (a, £)-bi-shadowing and all other are bi-
shadowing. Then the multiple product system @ x @2 x ... x ®" is (a, §)-bi-shadowing but not bi-shadowing.
Proof. Assume that n = 3

Case 1: Assume that @, @2 is (a, §)-bi-shadowing and @3 are bi-shadowing, by using Theorem 3.2 the action (& x ®?) is
(a, B)-bi-shadowing. By using Theorem 3.7 we get product system (@1 x @#2) x @3 = @ x 2 x @3 is (a, f)-bi-shadowing but
not bi-shadowing.

Case 2: Assume that @ is (a, 8)-bi-shadowing and ®2, @3 are bi-shadowing, by using Theorem 3.4 the action (®? x ®32) is bi-
shadowing. By using Theorem 3.7 we get product system ®*! x (@2 x @3) = @ x 2 x @3 is (a, B)-bi-shadowing but not bi-
shadowing.

Forn > 3 we can use Theorem 4.1 and Theorem 4.2 with Case 1 or Case 2.

This ends the proof of Theorem 4.5.

Corollary 4.6. For n > 2, Let all #1,@2,...,®™ be actions if all of them except one are (a, £)-bi-shadowing and the multiple
product system @ x @2 x ... x @™ is bi-shadowing. Then this actions must be bi-shadowing.
Proof. Assume thatn = 3

Case 1: Assume that @1, @2 is (a, 8)-bi-shadowing and @3 is an action, by using Theorem 3.2 the action (®* x ®2) is (a, )-bi-
shadowing. By using Corollary 3.8 we get @3 must be bi-shadowing.

Case 2: For n > 3 we can use Theorem 4.1 with Case 1.
This ends the proof of Corollary 4.6.

Conclusion

From the presented study, it is evident that the exploration of bi-shadowing properties within dynamical systems, particularly
within group spaces, has yielded valuable insights. By defining and analyzing the (o,3)-bi-shadowing and bi-shadowing concepts,
this paper contributes to the theoretical framework of dynamical systems, expanding the scope of shadowing theory.

The theorems established in this paper provide essential connections between different types of bi-shadowing properties within
group spaces. The results highlight the interplay between these properties and demonstrate their implications for the behavior of
dynamic systems.

Furthermore, the investigation into product systems adds depth to our understanding, illustrating how the bi-shadowing property
can be preserved or altered when considering compositions of dynamical systems.

This paper not only enriches the theoretical foundation of shadowing theory but also offers practical insights into the behavior of
dynamical systems, particularly in group spaces. The findings presented here open avenues for further research in this area, with
potential applications across various domains where dynamical systems play a crucial role.
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