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Abstract 
In this paper we investigated the new subclasses of univalent functions with negative coefficient having 
fixed point. Necessary and sufficient condition for concern class is obtained. Several geometric 
properties like growth theorem, coefficient estimate, convexness, extreme point theorem has been 
examined 
 
Keywords: Univalent functions, negative coefficients, fixed point 

 

Introduction 

Let N be class of all analytic functions normalized with conditions f (0) =0 and 𝑓′(0) = 1 in 

the form f (z) = z - ∑ 𝑎𝑘𝑧𝑘∞
𝑘=2 , on open unit disc D = {z: │z│< 1}.Let 𝑁− is the subclass of 

N, consist of functions which are in the form. 
 

f (z) = z - ∑ 𝑎𝑘𝑧𝑘∞
𝑘=2 , 𝑎𝑘 ≥ 0 (1.1) 

 

on open unit disc D = {z: │z│< 1}.We have studied the class 𝐾⅄
𝜂

(𝜉, 𝛼, 𝛽, 𝜕, ⅄, 𝑙, 𝑢). In concern 

with this class we obtained new class 𝐾⅄
𝜂

(𝜉, 𝛼, 𝛽, 𝜕, ⅄, 𝑙, 𝑢,z0) for which f (z0)=z0. Silverman [7] 

obtained the subclasses of starlike and convex functions. Namely L*(𝜎) and H*(𝜎). Silverman 
[8] provided the new classes 𝐿0

∗ (𝜎, 𝑧0) and 𝐿1
∗ (𝜎, 𝑧0). These classes consist of the functions in 

the form f (z) = 𝑎1z - ∑ 𝑎𝑘𝑧𝑘∞
𝑘=2 . 

 

𝐿0
∗ (𝜎, 𝑧0) satisfies 𝑎𝑘 ≥ 0, f (z0) = z0 (z0∈ (−1, 1), z0≠ 0) 

 

𝐿1
∗ (𝜎, 𝑧0) satisfies 𝑎𝑘 ≥ 0, 𝑓′(z0) = 1 z0∈ (−1, 1) 

 
[16] studied the class 𝐿𝑛

∗ (𝛼, 𝛽, 𝛾, 𝑧0) with certain restriction on 𝛼, 𝛽, 𝛾. This class is collection of 

functions in 𝐿𝑛
∗ (𝛼, 𝛽, 𝛾) which fixes point z0. Opoola [15] have defined derivative operator. It is 

describe as given below. 

 

Definition 1.1 

The Opoola differential operator for f (z) in N is denoted by Dn(𝜇, 𝛼, 𝜁) f (z) = f(z) (1.2) 
 

D1(𝜇, 𝛼, 𝜁)f(z)= z𝐷𝜁f(z)=z 𝜁𝑓′(z)-z(𝛼- 𝜇) 𝜁 +(1+ 𝛼- 𝜇 − 1)𝜁)f(z) (1.3) 

 

D1 (𝜇, 𝛼, 𝜁) f (z) = z 𝐷𝜁(z𝐷𝜁f (z)) (1.4) 

 

Dn(𝜇, 𝛼, 𝜁)f(z)= z𝐷𝜁(Dn-1(𝜇, 𝛼, 𝜁)), n ∈ {1,2,3,……} (1.5) 

 

After some calculation we have: (1 + (k + 𝛼 −  𝜇 − 1)𝜁)𝑛 
 

Dn(𝜇, 𝛼, 𝜁) f(z)= z + ∑ (1 + (k + 𝛼 −  𝜇 − 1)𝜁)𝑛𝑎𝑘𝑧𝑘∞
𝑘=2  (1.6) 

 

Where 𝜁 ≥ 0, 0 ≤ 𝜇 ≤ 𝛼  
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Also, [6] has defined the following operator, known as Ruschweyh differential operator. 

 

Definition 1.2 

For f ε N, [3] has defined following Ruschweyh differential operator. 

 

 𝑅𝑛: N→N defined by 

 

𝑅𝑛(f (z)) = 
𝑧

(1−𝑧)𝑛+1. f (z) n ∈  ℕ ∪ {0} 

 

= z + ∑ 𝐶 𝑛
𝑛+𝑘−1∞

𝑘=2 𝑎𝑘𝑧𝑘 (z∈U) (1.7)  

 

Where (.) is hadmard product defined in [1]. 

We note that R0 f (z) =f (z), R’ f (z) =zf ‘(z) 

 

2. Class K (𝑶𝝈
𝝉  𝒆, 𝜹, 𝝑, 𝜻, 𝜶, 𝝁) 

Thange [17] introduced the class K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇) associated with Ruopoola derivative operator. We generalized this class to K 

(𝐹𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇) having more generalized Ruopoola derivative operator. It is obtained by making convex combination of 

Ruschweyh and Opoola derivative operator. 

 

Definition 2.1 

For f ε N, we define the Ruopoola derivative operator F n as follow 

 

𝑂𝑡
𝑛(f (z))= (1-t) (Dn(𝜇, 𝛼, 𝜁) f(z)) + t R nf(z) t∈ [0,1] and n ∈  ℕ ∪ {0} 

 

= z+ ∑ ([1 + (𝑘 + 𝛼 − 𝜇 − 1)𝜁]𝜏(1 − 𝜎) + 𝜎 𝐶)𝜏
𝜏+𝑘−1 𝑎𝑘𝑧𝑘∞

𝑘=2  (2.1) 

 

We noted that 𝐹𝑡
0 f(z)=f(z), 𝐹0

𝑛f(z)= R nf(z) and 𝐹1
𝑛f(z)= D nf(z) 

 

Definition 2.2 

A class K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇) is collection of functions in 𝑁− having. 

 

 │ 

𝑧(𝑂𝜎
𝜏 (𝑓))′

(𝑂⅄
𝑛(𝑓)

−1

2𝑒(
𝑧(𝑂𝜎

𝜏 (𝑓))′

𝑂𝜎
𝜏 (𝑓)

−𝛿)−(
𝑧(𝑂𝜎

𝜏 (𝑓))′

𝑂𝜎
𝜏 (𝑓)

−1) 
 │ < 𝜗 (2.2) 

 

𝐻𝑒𝑟𝑒 0 ≤  𝛿 <
1

2𝑒
, 0 < 𝜗 ≤ 1,

1

2
 ≤  𝑒 ≤  1, 𝜏 > −1,0 ≤ 𝜇 ≤ 𝛼, 𝑛 𝜀 ℕ⋃{0}. 

 

In our first attempt for this section we obtained the necessary and sufficient condition for the function in the class K 

(𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇). 

 

Theorem 2.1 

If f (z) = z - ∑ 𝑎𝑘𝑧𝑘∞
𝑘=2  is in N, then f ε K (𝑂𝜎

𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇) if and only if ∑ ([1 + (𝑘 + 𝛼 − 𝜇 − 1)𝜁]𝜏(1 − 𝜎) +∞
𝑘=2

𝜎 𝐶)𝜏
𝜏+𝑘−1 (2𝑒𝜗(𝑘 − 𝛿) + (𝑘 − 1)(1 − 𝜗))𝑎𝑘  ≤  2 𝑒 𝜗(1-𝛿). 

 

Extremal is obtained for the function in the class which are in form 

 

𝑓𝑘(𝑧) = z- 
2 𝑒 𝜗(1−𝛿).

([1+(𝑘+𝛼−𝜇−1)𝜁]𝜏(1−𝜎)+𝜎 𝐶)𝜏
𝜏+𝑘−1 )(2𝑒𝜗(𝑘−𝛿)+(𝑘−1)(1−𝜗)

𝑧𝑘 (1.1) 

 

Proof. Let f (z) = z - ∑ 𝑎𝑘𝑧𝑘∞
𝑘=2  is in 𝑁−. 𝑎𝑛𝑑 𝑒𝑘= 1 + (𝑘 + 𝛼 − 𝜇 − 1)𝜁. 

Assume that  

∑ ([1 + (𝑘 + 𝛼 − 𝜇 − 1)𝜁]𝜏(1 − 𝜎) + 𝜎 𝐶)𝜏
𝜏+𝑘−1 (2𝑒𝜗(𝑘 − 𝛿) + (𝑘 − 1)(1 −∞

𝑘=2 𝜗))𝑎𝑘  ≤  2 𝑒 𝜗(1-𝛿) 

 

 

𝑧(𝑂𝜎
𝜏(𝑓))′ − (𝑂𝜎

𝜏(𝑓)) = ∑ ([1 + (𝑘 + 𝛼 − 𝜇 − 1)𝜁]𝜏(1 − 𝜎) + 𝜎 𝐶)𝜏
𝜏+𝑘−1 (1 − 𝑘)∞

𝑘=2 𝑎𝑘𝑧𝑘 

 

𝑧(𝑂𝜎
𝜏(𝑓))′ − 𝛿(𝑂𝜎

𝜏(𝑓)) = ∑ ([1 + (𝑘 + 𝛼 − 𝜇 − 1)𝜁]𝜏(1 − 𝜎) + 𝜎 𝐶)𝜏
𝜏+𝑘−1 (𝛿 − 𝑘)∞

𝑘=2 𝑎𝑘𝑧𝑘 

 

∴ │ 

𝑧(𝑂𝜎
𝜏 (𝑓))′

(𝑂⅄
𝑛(𝑓)

−1

2𝑒(
𝑧(𝑂𝜎

𝜏 (𝑓))′

𝑂𝜎
𝜏 (𝑓)

−𝛿)−(
𝑧(𝑂𝜎

𝜏 (𝑓))′

𝑂𝜎
𝜏 (𝑓)

−1) 
 │ = │ 

𝑧(𝑂𝜎
𝜏(𝑓))′−(𝑂𝜎

𝜏(𝑓))

2𝑒(𝑧(𝑂𝜎
𝜏(𝑓))′−𝛿(𝑂𝜎

𝜏(𝑓)))− 𝑧(𝑂𝜎
𝜏(𝑓))′−(𝑂𝜎

𝜏(𝑓))
 │ 

 

= │ 
𝑧(𝑂𝜎

𝜏(𝑓))′−(𝑂𝜎
𝜏(𝑓))

2𝑒(𝑧(𝑂𝜎
𝜏(𝑓))′−𝛿(𝑂𝜎

𝜏(𝑓)))− 𝑧(𝑂𝜎
𝜏 (𝑓))′−(𝑂𝜎

𝜏(𝑓))
 │ 
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=│ 
∑ [𝑒𝑘 

𝜏 (1−𝜎)+ 𝜎 𝐶]𝜏
𝜏+𝑘−1  (𝑘−1)𝑎𝑘𝑧𝑘∞

𝑘=2

2𝑒(1−𝛿)𝑧−∑ [𝑒𝑘 
𝜏 (1−𝜎)+ 𝜎 𝐶]𝜏

𝜏+𝑘−1 [2𝑒(𝑘−𝛿)− (𝑘−1)]𝑎𝑘𝑧𝑘∞
𝑘=2

 │ 

 

 ≤  
∑ [𝑒𝑘 

𝜏 (1−𝜎)+ 𝜎 𝐶]𝜏
𝜏+𝑘−1  (𝑘−1)𝑎𝑘|𝑧𝑘|∞

𝑘=2

2𝑒(1−𝛿)|𝑧|−∑ [𝑒𝑘 
𝜏 (1−𝜎)+ 𝜎 𝐶]𝜏

𝜏+𝑘−1 [2𝑒(𝑘−𝛿)− (𝑘−1)]𝑎𝑘|𝑧𝑘|∞
𝑘=2

 

  

≤  
∑ [𝑒𝑘 

𝜏 (1−𝜎)+ 𝜎 𝐶]𝜏
𝜏+𝑘−1  (𝑘−1)𝑎𝑘

∞
𝑘=2

2𝑒(1−𝛿)−∑ [𝑒𝑘 
𝜏 (1−𝜎)+ 𝜎 𝐶]𝜏

𝜏+𝑘−1 [2𝑒(𝑘−𝛿)− (𝑘−1)]𝑎𝑘
∞
𝑘=2

. 

 

This holds, since by “Maximum modulus theorem”, maximum occurs only at the boundary points of unit circle. 

 

Hence 
∑ [𝑒𝑘 

𝜏 (1−𝜎)+ 𝜎 𝐶]𝜏
𝜏+𝑘−1  (𝑘−1)𝑎𝑘

∞
𝑘=2

2𝑒(1−𝛿)−∑ [𝑒𝑘 
𝜏 (1−𝜎)+ 𝜎 𝐶]𝜏

𝜏+𝑘−1 [2𝑒(𝑘−𝛿)− (𝑘−1)]𝑎𝑘
∞
𝑘=2

<  𝜗 

 

 ∴ │ 

𝑧(𝑂𝜎
𝜏 (𝑓))′

(𝑂⅄
𝑛(𝑓)

−1

2𝑒(
𝑧(𝑂𝜎

𝜏 (𝑓))′

𝑂𝜎
𝜏 (𝑓)

−𝛿)−(
𝑧(𝑂𝜎

𝜏 (𝑓))′

𝑂𝜎
𝜏 (𝑓)

−1) 
 │ <  𝜗. 

 

Therefore, f ε K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇) 

 

Now to prove if part we assume that f (z) ε K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇) 

 

∴ 𝜗 >  │ 

𝑧(𝑂𝜎
𝜏 (𝑓))′

(𝑂⅄
𝑛(𝑓)

−1

2𝑒(
𝑧(𝑂𝜎

𝜏 (𝑓))′

𝑂𝜎
𝜏 (𝑓)

−𝛿)−(
𝑧(𝑂𝜎

𝜏 (𝑓))′

𝑂𝜎
𝜏 (𝑓)

−1) 
 │ 

 

= │ 
𝑧(𝑂𝜎

𝜏(𝑓))′−(𝑂𝜎
𝜏(𝑓))

2𝑒(𝑧(𝑂𝜎
𝜏(𝑓))′−𝛿(𝑂𝜎

𝜏(𝑓)))− 𝑧(𝑂𝜎
𝜏 (𝑓))′−(𝑂𝜎

𝜏(𝑓))
 │ 

 

 =│ 
∑ [𝑒𝑘 

𝜏 (1−𝜎)+ 𝜎 𝐶]𝜏
𝜏+𝑘−1  (𝑘−1)𝑎𝑘𝑧𝑘∞

𝑘=2

2𝑒(1−𝛿)𝑧−∑ [𝑒𝑘 
𝜏 (1−𝜎)+ 𝜎 𝐶]𝜏

𝜏+𝑘−1 [2𝑒(𝑘−𝛿)− (𝑘−1)]𝑎𝑘𝑧𝑘∞
𝑘=2

 │ 

 

Since Re {z} ≤ 𝑧 

 

∴ Re{
∑ ([1+(𝑘+𝛼−𝜇−1)𝜁]𝜏(1−𝜎)+𝜎 𝐶)𝜏

𝜏+𝑘−1 (1−𝑘)∞
𝑘=2 𝑎𝑘𝑧𝑘

2𝑒(1−𝛿)𝑧−([1+(𝑘+𝛼−𝜇−1)𝜁]𝜏(1−𝜎)+𝜎 𝐶)𝜏
𝜏+𝑘−1 )(2𝑒(𝑘−𝛿)+(𝑘−1))𝑎𝑘𝑧𝑘}< 𝜗 

 

Letting z tends to 1 through positive part of real axis in unit disc, 

 

 
∑ ([1+(𝑘+𝛼−𝜇−1)𝜁]𝜏(1−𝜎)+𝜎 𝐶)𝜏

𝜏+𝑘−1 (1−𝑘)∞
𝑘=2 𝑎𝑘𝑧𝑘

2𝑒(1−𝛿)𝑧−([1+(𝑘+𝛼−𝜇−1)𝜁]𝜏(1−𝜎)+𝜎 𝐶)𝜏
𝜏+𝑘−1 )(2𝑒(𝑘−𝛿)+(𝑘−1))𝑎𝑘𝑧𝑘 < 𝜗 

 

∑ ([1 + (𝑘 + 𝛼 − 𝜇 − 1)𝜁]𝜏(1 − 𝜎) + 𝜎 𝐶)𝜏
𝜏+𝑘−1 (2𝑒𝜗(𝑘 − 𝛿) + (𝑘 − 1)(1 −∞

𝑘=2 𝜗))𝑎𝑘  ≤  2 𝑒 𝜗(1-𝛿). 

 

Hence proved. 

 

Example 1.1: If f ε K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇) then for k ≥ 2 

 

𝑎𝑘 ≤ 
2𝑒𝜗(1−𝛿)

([1+(𝑘+𝛼−𝜇−1)𝜁]𝜏(1−𝜎)+𝜎 𝐶)𝜏
𝜏+𝑘−1 )(2𝑒𝜗(𝑘−𝛿)+(𝑘−1)(1−𝜗))

 

 

Extremal is obtained for the function in the form (1.1) 

 

3. Main Results 

In this section we introduced the class K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇, 𝑧0). We studied the coefficient bounds, growth theorem, and distortion 

theorem for this class. 

 

Definition 3.1. The class K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇, 𝑧0) consist of functions in the class K (𝑂𝜎

𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇) for which f (𝑧0)= 𝑧0 

 

Theorem 3.1. A function in the form (1.1) is in K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇, 𝑧0) then 

 

∑ (
𝐵𝑘

2𝑒𝜗(1−𝛿)
−  𝑧0

𝑘−1)∞
𝑘=2 𝑎𝑘 ≤ 1 (3.1) 

 

Here 𝐵𝑘= ([1 + (𝑘 + 𝛼 − 𝜇 − 1)𝜁]𝜏(1 − 𝜎) + 𝜎 𝐶)𝜏
𝜏+𝑘−1 )(2𝑒𝜗(𝑘 − 𝛿) + (𝑘 − 1)(1 − 𝜗)) 
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Converse is true if ∑ 𝑧0
𝑘−1∞

𝑘=2 𝑙𝑘=0. (3.2) 

 

Proof. Suppose f ε K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇, 𝑧0) 

  

∴ f (𝑧0)= 𝑧0 

 

∴ 𝑧0 − ∑ 𝑧0
𝑘−1∞

𝑘=2 𝑙𝑘= 𝑧0 ⇒ 1- ∑ 𝑧0
𝑘−1∞

𝑘=2 𝑙𝑘 = 1 

 

∴  ∑ 𝑧0
𝑘−1∞

𝑘=2 𝑙𝑘 = 0 

 

Now f ε K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇) ⇒ ∑

𝐵𝑘

2𝑒𝜗(1−𝛿)
∞
𝑘=2 𝑙𝑘 ≤ 1 

 

 ∴ ∑
𝐵𝑘

2𝑒𝜗(1−𝛿)
∞
𝑘=2 𝑙𝑘 − ∑ 𝑧0

𝑘−1∞
𝑘=2 𝑙𝑘 ≤ 1 

 

 ∴ ∑ (
𝐵𝑘

2𝑒𝜗(1−𝛿)
− 𝑧0

𝑘−1)∞
𝑘=2 𝑎𝑘 ≤ 1 

 

Now to prove the converse we assume that (3.1) and (3.2) hold 

 

∴ ∑ (
𝐵𝑘

2𝑒𝜗(1−𝛿)
− 𝑧0

𝑘−1)∞
𝑘=2 𝑎𝑘 ≤ 1 

 

∴ ∑
𝐵𝑘

2𝑒𝜗(1−𝛿)
∞
𝑘=2 𝑎𝑘 − ∑ 𝑧0

𝑘−1∞
𝑘=2 𝑎𝑘 ≤ 1 

 

∴ ∑
𝐵𝑘

2𝑒𝜗(1 − 𝛿)

∞

𝑘=2

𝑎𝑘 ≤ 1 

 

∴ f ε K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇) 

 

Suppose ∑ 𝑧0
𝑘−1∞

𝑘=2 𝑎𝑘 = 0 

 

∴ 1- ∑ 𝑧0
𝑘−1∞

𝑘=2 𝑎𝑘=1 

 

∴ 𝑧0- ∑ 𝑧0
𝑘∞

𝑘=2 𝑎𝑘=𝑧0 

 

∴ 𝑓(𝑧0) = 𝑧0 

 

f ε K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇, 𝑧0) 

 

Example 3.1: A function in the form (1.1) is in K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇, 𝑧0), then.  

 

𝑎𝑘 ≤ 
2𝑒𝜗(1−𝛿)

𝐵𝑘−2𝑒𝜗(1−𝛿)𝑧0
𝑘−1 

 

Here, 𝐵𝑘= ([1 + (𝑘 + 𝛼 − 𝜇 − 1)𝜁]𝜏(1 − 𝜎) + 𝜎 𝐶)𝜏
𝜏+𝑘−1 )(2𝑒𝜗(𝑘 − 𝛿) + (𝑘 − 1)(1 − 𝜗)) 

 

Equality is obtained for the function in K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇, 𝑧0) in the form. 

 

𝑓𝑘(z) = z- 
2𝑒𝜗(1−𝛿)

𝐵𝑘−2𝑒𝜗(1−𝛿)𝑧0
𝑘−1  𝑧𝑘−1 (k ≥ 2) 

 

Theorem 3.2: A function in the form (1.1) is in K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇, 𝑧0), then for 0 ≤ |z| = 𝜌 < 1 

 

𝜌- 𝜌2 2𝑒𝜗(1−𝛿)

𝐵2−2𝑒𝜗(1−𝛿)𝑧0
 ≤ | f (z) | ≤ 𝜌+𝜌2 2𝑒𝜗(1−𝛿)

𝐵2−2𝑒𝜗(1−𝛿)𝑧0
 

 

Where, 𝐵𝑘= ([1 + (𝑘 + 𝛼 − 𝜇 − 1)𝜁]𝜏(1 − 𝜎) + 𝜎 𝐶)𝜏
𝜏+𝑘−1 )(2𝑒𝜗(𝑘 − 𝛿) + (𝑘 − 1)(1 − 𝜗)) 

 

Proof: Given that a function f in the form (1.1) is in K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇, 𝑧0), 

From equation (3.1)  

 

(𝐵2 − 2𝑒𝜗(1 − 𝛿)𝑧0) ∑ 𝑙𝑘

∞

𝑘=2

≤ ∑(𝐵𝑘 − 2𝑒𝜗(1 − 𝛿)𝑧0 
𝑘−1)𝑙𝑘

∞

𝑘=2
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≤  2𝑒𝜗(1 − 𝛿) 

 

 ∴ ∑ 𝑙𝑘
∞
𝑘=2  ≤

2𝑒𝜗(1−𝛿)

𝐵2−2𝑒𝜗(1−𝛿)𝑧0
 

 

Therefore, 

 

| f (z) | ≤  |𝑧| +  |𝑧|𝑘 ∑ | 𝑙𝑘
∞
𝑘=2 |  ≤  𝜌+𝜌2 ∑ | 𝑙𝑘

∞
𝑘=2 | 

 

 ≤ 𝜌+𝜌2 2𝑒𝜗(1−𝛿)

𝐵2−2𝑒𝜗(1−𝛿)𝑧0
 

 

On the same way 

 

 | f (z) | ≥  |𝑧| −  |𝑧|𝑘 ∑ | 𝑙𝑘
∞
𝑘=2 |  ≥  𝜌+𝜌2 ∑ | 𝑙𝑘

∞
𝑘=2 | 

 

 ≤ 𝜌-𝜌2 2𝑒𝜗(1−𝛿)

𝐵2−2𝑒𝜗(1−𝛿)𝑧0
 

 

Extremal is obtained for the function in K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇, 𝑧0), which are in the form. 

 

 f (z)= z- 
2𝑒𝜗(1−𝛿)

𝐵𝑘−2𝑒𝜗(1−𝛿)𝑧0
𝑡−1 𝑧2, t ≥ 2 

 

at z= 𝜌, 𝜌𝑒𝑖𝜋 

 

In our next theorem we found the radius of convexness for the class K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇, 𝑧0) 

 

Theorem 3.3. The radius of convexness for the class K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇, 𝑧0) is R, 

Where: 

 

R= 𝑖𝑛𝑓𝑘 (
𝐵𝑘

𝑘22𝑒𝜗(1−𝛿)
)

1

(𝑘−1)
 (k ≥ 2) 

 

Proof. Let f (z) ε K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇, 𝑧0). 

To find the radius of convexness, we assumed f (z) is convex in |z| < R. 

We want to find the value of R such that. 

 

R{
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
+ 1}> 0, |z|<R 

 

But, 

 

|
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
+ 1 − 1| < 1 ⟹ R{

𝑧𝑓′′(𝑧)

𝑓′(𝑧)
+ 1}> 0 

 

Now, f (z) = z - ∑ 𝑎𝑘𝑧𝑘∞
𝑘=2  

 

z𝑓′′ (z) = − ∑ 𝑘(𝑘 − 1)𝑎𝑘𝑧𝑘−1∞
𝑘=2  

 

 |
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
|= |

∑ 𝑘(𝑘−1)𝑎𝑘𝑧𝑘−1∞
𝑘=2

1− ∑ 𝑘𝑎𝑘𝑧𝑘−1∞
𝑘=2

| ≤  
∑ 𝑘(𝑘−1)𝑎𝑘|𝑧𝑘−1|∞

𝑘=2

1− ∑ 𝑘𝑎𝑘|𝑧𝑘−1|∞
𝑘=2

 

 

 
∑ 𝑘(𝑘−1)𝑎𝑘|𝑧|𝑘−1∞

𝑘=2

1− ∑ 𝑘𝑎𝑘|𝑧|𝑘−1∞
𝑘=2

< 1 ⟹ |
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
| < 1 

 

Assume that 𝑧0 

 

 
∑ 𝑘(𝑘−1)𝑎𝑘|𝑧|𝑘−1∞

𝑘=2

1− ∑ 𝑘𝑎𝑘|𝑧|𝑘−1∞
𝑘=2

< 1 

 

 ⟹ ∑ 𝑘(𝑘 − 1)𝑎𝑘|𝑧|𝑘−1∞
𝑘=2 < 1 + ∑ 𝑎𝑘𝑧0

𝑘−1∞
𝑘=2 -∑ 𝑘𝑎𝑘|𝑧|𝑘−1∞

𝑘=2  

 

 ⟹ ∑ 𝑘2𝑎𝑘|𝑧|𝑘−1∞
𝑘=2 - ∑ 𝑎𝑘𝑧0

𝑘−1∞
𝑘=2 < 

  

 ⟹ ∑ (𝑘2|𝑧|𝑘−1∞
𝑘=2 −𝑧0

𝑘−1) 𝑎𝑘 < 1 (3.3) 
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As f (z) ε K (𝑂𝜎
𝜏 𝑒, 𝛿, 𝜗, 𝜁, 𝛼, 𝜇, 𝑧0). Therefore using (3.3) we have  

 

 ∑ (
𝐵𝑘

2𝑒𝜗(1−𝛿)
− 𝑧0

𝑘−1)∞
𝑘=2 𝑎𝑘 ≤ 1 

 

 Inequality (4.7) is true if  

 

 ∑ (𝑘2|𝑧|𝑘−1∞
𝑘=2 −𝑧0

𝑘−1) 𝑎𝑘 < ∑ (
𝐵𝑘

2𝑒𝜗(1−𝛿)
− 𝑧0

𝑘−1)∞
𝑘=2 𝑎𝑘 

 

 That is 𝑘2|𝑧|𝑘−1 − 𝑧0
𝑘−1

 <  
𝐵𝑘

2𝑒𝜗(1−𝛿)
− 𝑧0

𝑘−1 ⟹ 𝑘2|𝑧|𝑘−1  <  
𝐵𝑘

2𝑒𝜗(1−𝛿)
 

 

Hence |z| <(
𝐵𝑘

2𝑒𝜗𝑘2(1−𝛿)
)

1

𝑘−1
. 

 

Therefore radius of convexness is 

  

 R= 𝑖𝑛𝑓𝑘 (
𝐵𝑘

𝑘22𝑒𝜗(1−𝛿)
)

1

(𝑘−1)
 

 

Conclusion 

This paper delves into the investigation of subclasses of univalent functions with negative coefficients having a fixed point. 

Through rigorous mathematical derivations, the necessary and sufficient conditions for the concerned class are derived. The paper 

explores various geometric properties such as the growth theorem, coefficient estimates, convexity, and extreme point theorem 

within this context. The findings contribute to the understanding of univalent functions with negative coefficients and their fixed 

points, shedding light on their intricate properties and providing valuable insights into this area of mathematical analysis. 
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