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Abstract

Models that can describe strike prices of energy commaodities that might seem costly to store are best
modeled by mean - reversion and jump diffusion processes. Physical characteristics of energy
commodities makes it very difficult to store due to their salient features hence there is need to incorporate
jumps and mean - reversion to some stochastic volatility models and particularly in this paper, we
forecast on logistic Brownian motion. | construct a real option model to predict prices of energy
commodities. This study also examines some implications on assumptions that can be portrayed by mean
- reverting logistic Brownian motion with jump diffusion process. This study uses Heave - side cover up
method, logistic Brownian motion, jump diffusion models and mean - reverting models to derive a
pricing process that can be used to predict prices of energy commaodities.

Keywords: Jump diffusion, mean-reversion, geometric Brownian motion, logistic Brownian motion,
heave-side cover-up

1. Introduction
In financial literature we find that commodities that are much storable are the ones that have
their prices modeled. There has been assumptions that all commodities traded are storable
which is no longer true as energy commodities like electricity in the recent years has been one
good traded asset in most security exchange companies.
The growth of energy commaodity markets has been rapid due to new development in re —
structuring the supply of electricity and invention of new substitutes to electricity in Kenya.
Kenya power markets has increased along-side increase in electricity substitutes with
increasing demand of electricity as a result of increasing population. The average volume of
units purchased from hydro-power sources and geo-thermal reduced by 13.2 percent from
3,787 GWh to 3, 341 GWh and 3.4 percent from 4, 607 GWh to 4,451 GWh respectively for
every year from 2016-2020.
The cost of fuel also increased by an average of Ksh. 9, 434 million from 12, 690 to 22, 124
million each year from 2016-2020. This is as a result of increased usage of thermal sources
during each and every year. The volume units generated from geo-thermal plants increased at
an average from 1,297 GWh to 2, 165 GWh each and every year from 2016-2020. This result
to a percentage increase of 66.9 percent.
On the cost of transmission and distribution there has been an increase at an average from 28,
651 million to 37, 417 million each and every year from 2016-2020. The high cost of
operation and maintenance led to the increase and also due to the expanded electricity network
facilities.
From the global electricity market trends, reforms inevitably exposes the value of portfolios
when generating assets and contract supply that are held in traditional electricity power
companies to price market of risks. Asset valuation and risk management generally needs a
required in-depth to understand and sophisticate the way we model spot prices of
commodities. Electricity generally pose the major challenge for financial researchers and
practitioners when modeling its spot price behavior among all energy commaodities. This is
majorly because of it’s distinguish feature that it cannot be stored or inventoried economically
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once it is generated. More so the supply and demand of bulk
energy commodity due to increased population has to be
balanced continuously so as to prevent it from collapsing.
Electricity spot prices are volatile since their supply and
demand cannot be smoothed by inventories.

Few studies exist in financial literature in modeling of
electricity in Kenya. This paper therefore investigates the
pricing trends when the standard logistic Brownian motion is
extended by incorporating mean reversion and jump diffusion
processes to come up with spot pricing model. The mean —
reverting logistic Brownian motion model with jump
diffusion process that is used in this study has a non —
instantaneous volatility borrowed from Heston’s volatility
equation. Andanje et al. 2, This is given by;

aXe o
Xe(X*=Xp) a(X lnX)dt + \/U_tdZt +dgq (1.2)
where;

= X is the value around which X,tends to oscillate,
generally known as the level of mean reversion or strike
price in the long — run.

= X,is the price of energy commodity at time t.

= ais the mean reverting speed.

= 7, is the standard Wiener process such that dZ, = e,/dt
and ,.~N(0,1).

= v, is the non — constant volatility borrowed from Heston’
s model of closed for vanilla option.

= gis the jJump process generated by Poisson process.

It is from equation (1.1) that we subject the Heave — side

cover-up method to derive the spot price option model. Oduor
[12,13, 14]

2. Preliminaries

2.1 Stochastic process

These are uncertain ways that brings about changes in values
of variables where we know the distribution process of
possible values of variables at any point in time. Stochastic
processes generally follows some laws of probability. A
stochastic process can be expressed mathematically as
{X;:t € (0,)} which shows collections of random variables
in each t over the index set (0, ). Stochastic process can be
distinguished into two parts, a discrete time stochastic process
and a continuous time stochastic process. The discrete time
stochastic process has change of variables at a certain fixed
points in time while the continuous time stochastic process
has certain change of value of variable over a given range.

2.2 Markov Stochastic Process

It occurs where the past history of a value of an asset is not
influencing the behavior of the current value of the asset. This
is because the present price of the asset already involves all
the relevant details from the past history that would have
otherwise affected the new price of the underlying variable.

2.3 Wiener Process

Wiener process is a type of Brownian motion where we have
a mean rate of change being zero and a variance rate of
change being one. It follows the properties given by;

Property 1: Given a small change of time period, AWwe
define

AW = e\/At (2.1)
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where e~N(0,1)

Property 2: Given two distinct short time periods, AWthat
are independent, we define;

cov(AW,, 4AW;) =0 (2.2)

where i # j.
Hull 1

2.4 Jump Process

It is the abrupt deviation that occurs in value of a derivative
from its normal path as a result of non — systematic risk. This
may happen as a result of new information that causes
positive or negative results in price of the asset. This
information may be sector firm oriented. It may also not be of
systematic risk but rather of jumps that are non — correlated
with the market.

2.5 Options

It is the contract between two investors stating an obligation
to buy or sell underlying derivative at a certain price after or
before the expiry date. There are two types of options; call
option and put option.

2.5.1 Call option

It is a contract that allows one have a right to buy an
underlying derivative at a certain price before or at expiry
date.

2.5.2 Put option

It is a contract that allows one have a right to sell an
underlying derivative at a certain price before or at expiry
date.

2.6 Styles of option contracts

It is the aspect of executing or exercising an option. During
the contract, the seller is paid by the buyer a percentage of
value at maturity. We have two types of option contracts;
European options and American options.

2.6.1 European options

It is an option where the holder of the derivative has a right
but not an obligation to buy or to sell an option only on the
expiry date at a certain price.

2.6.2 American options

It is an option that gives the holder a right but not obligation
to buy or to sell an option on or prior to the maturity date that
is to say, any time before maturity date at a certain price.

2.7 Itd Process

It is a generalized Wiener diffusion process in having constant
parameters aand btaken as functions of the price of an
underlying derivative defined by the variables Xandt. It is
usually written mathematically by a process of diffusion given

by;

dX = a(X,t)dt + b(X, t)dW, (2.3)

Where ais the expected drift rate and bis the rate of variance
of the 1t6 process that is always liable to change over a small
time interval between tandt + At, this results to change from
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X toX + AX. Equation (2.3) therefore can be expressed as
follows from the resulting small change;

AX = a(X,t)At + b(X, t)eVAt (2.4)

The resulting relationship is from a small approximation with
a(X,t)Atbeing the drift and b2(X,t)Atbeing the rate of
variance.

2.8 Itd Lemma

Stochastic differential equations are best solved by Itd
Lemma, where wiener - like differential process are put into
mathematical formulation of partial differential equations to
obtain solutions of stochastic differential equations. In
deriving Itd lemma we consider value of a variable Pthat
follows an 1td process from equation (3), where Pis said to
have a linear drift rate of agand a percentage variance
ofb2such that from Itd lemma, it is stated that a

A functionG (X, t) that can be twice differentiable in Xand
once in t is an Itd Lemma derived from an Itd process of the
form;

d
a

G 10%6 aG
Xa+5 Emb )dt+adet, (2.5)

d6 = (3

Where dW, is the standard Wiener diffusion process, the

104G
a+ 3 +i5en)

Percentage rate of drift Gis given by (

2
And a percentage rate of variance is given by (g—i) b2dt

2.9 European — Logistic — Type option pricing model.

A geometric Brownian motion is said to possess features of a
stochastic process if it is in the following form of stochastic
differential equation used in the application of stock
valuation. It is given by;

dX, = uX,dt + oX,dW,, (2.6)

where X,is the value of the underlying variable or option at
time t, uis a constant which is the expected drift rate or the
return percentage of the underlying derivative or option and
ois a constant which is the percentage rate of volatility of
value of the underlying asset.

The excess demand function is normally given by;

ED(X,) = QD(X,) — QS(X) (2.7)

where ED(X,)the excess demand is while QD(X;) and
QS(X,) denotes the quantity demanded and supplied
respectively. This leads to the asset price that follows a
logistic Brownian motion derived as;

dX, = pX,(X* — X,)dt + oX,(X* — X,)dW, (2.8)
D. B. Oduor et al. ™

Equation (2.8) can be re — written as;

1 dXe

XX = udt + odW; (2.9

where X*is the state of equilibrium market value obtained
from the Walrasian price mechanism, X,is the value of the
derivative option at a given time t, uis a constant which is the
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expected drift rate or the return percentage of the underlying
derivative or option and ois a constant which is the
percentage rate of volatility. In this paper we use \/v_tto
denote the non — constant instantaneous volatility borrowed
from the Heston’s volatility model.

3. Main results

3.1 Derivation of Asset value of energy commodities from
mean — reverting logistic Brownian motion with Jump
diffusion model

We consider a logistic Brownian motion equation given by
equation (1.1) as;

dXe
Xe(X*—X¢)

= a(X — InX)dt + \Jv,dW, + dq (3.1
The Left Hand Side of equation (3.1) is solved using Heave —

side cover — up method to obtain a solution of the form; M. O.
Opondo P,

X, A B
Xe(X*=X))  Xe X=Xt (3:2)
To solve for A we equate the following X(X—XtX) WhICh
implies thatd = —£2Xt_ When we letX, = 0. We obtaln,
Xe(X*—X¢)
A= %dXt (3.3)

dx; B
X (X*— xt) X*—X¢

XXX | etting X* = X, we obtain
Xe(X*=Xp) '’

To solve for B we equate the following

which implies thatB =
the following;

= —dX, (3.4)
Substituting equation (3.3) and (3.4) into equation (3.2), we

get the following;

1 1
dXt _ FdXt FdXt

Xe(X*—X¢) Xt (X*=X¢)

(3.5)

Substituting equation (3.5) onto (3.1) we obtain the following;
FdXe  gedXe

w Vormg = alX -

InX)dt + \Jv,dW, + dgq (3.6)

When we integrate equation (3.6) with respect todt, we get
the following;

oIl + 52 (= nlX = Xi0) = a(X = nX)tlf, + JodW; +q()

@.7)
Equation (4.7) is simplified further into;

1

Xt

nX)tls, + v dW, +q()  (3.8)

t

X

“ =q(X -
X—Xtto

Solving the limits by lettingX, = X,, we get

In
X

—In |XX—_°XO| = a(X — InX)X*(t — to) + X" /v, dW, + X"q(t)
(3.9)

The Left Hand Side of equation (3.9) can be simplified as;
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In f;(XX-;f;) _ a(Y —In X)X*(t —to) + X*\/v_tth + Solving for X, from equation (3.11) we obtain the following
—4at)40
X = X0+(X*_X0)e—[oc(}—lnX)X*(t—t0)+X*Ju—tth+X*q(t)] (3.12)

Taking exponential on both sides of equation (3.10) we get
the following; Equation (3.12) is the price dynamic of mean — reverting

. logistic Brownian motion with jump diffusion process which
X;EXX‘X;) = exp{a(X — InX)X*(t — to) + X" /v, dW, + can be used to analyze prices of energy commodities, in
;(*‘ )Xo 311 particular in this paper we look at prices of Kenya Power and

()} (3.11) Lighting Company in the next subsection,

3.2 Line Graph analysis of prices of energy at Kenya Power and Lighting Company from 2016 - 2020

Kenya Power and Lightening Company 2016
The line Graph of the asset prices against Time
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Fig 1: Kenta Power and Lightening Company 2016, the line Graph of the asset prices against Time

Kenya Power and Lightening Company 2017

The line Graph of the asset prices against Time
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Fig 2: Kenta Power and Lightening Company 2017, the line Graph of the asset prices against Time
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Kenya Power and Lightening Company 2018
5 The line Graph of the asset prices against Time
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Fig 3: Kenta Power and Lightening Company 2018, the line Graph of the asset prices against Time

Kenya Power and Lightening Company 2019
The line Graph of the asset prices against Time
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Fig 4: Kenta Power and Lightening Company 2019, the line Graph of the asset prices against Time

Kenya Power and Lightening Company 2020

The line Graph of the asset prices against Time
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Fig 5: Kenta Power and Lightening Company 2020, the line Graph of the asset prices against Time
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4. Conclusion

In this paper we have derived price dynamic of mean —
reverting logistic Brownian motion with jump diffusion
process which can be used to analyze prices of energy
commodities. In particular we have presented line graph of
prices of energy commodities from Kenya Power and
Lighting Company.
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