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Abstract
In this paper, an attempt is made to study some convex problems relating mean values I,(ay, ;)

andm, (a4, o) of an entire function f (s4, s,) of two complex variables.
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Introduction
Let us consider

(11)  flsusa) = Z:,n=1 A €XP(S14m + S2lin),
((sj =05 +it;),j = 1,2 where ap,, € C,

the field of complex numbers, A,,s, uy,s are real, and
0<A <Ay <o dyy = oo

O<py <ppy <+ < Uy = o0,

It has been proved [1] that if

logm logn _

(1.2) lim =0, lim =0,

m—ooo Am n—-oo HUn

The domain of convergence of the series (1.1) coincides with its domain of absolute
convergence. Also, Sarkar [2, pp.99] has shown that the necessary and sufficient condition that
the series

(1.1) satisfying (1.2) to be entire is that

, loglamn|
13) lim ‘oglamal _
( )(m,ﬁlr)rioo Am+in e

Let the family of all double Dirichlet series of the form (1.1) satisfying (1.2) and (1.3) be
denoted by F.

Then fe Fdenotes an entire function over C2. The results can be extended to several complex
variables.

Corresponding to an fe F, the maximum modulus M =M¢and the maximum term p = pir on

R? Are defined as [2, pp100]
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M(o) = Mf(0'1,0'2) = max{|f(sy,52)|: 51,5, € C,Res; = 0y,Res, = 05}
where N is the set of natural numbers.

The mean value I, (a4, 0;) of |f(sq,s,)]| is defined as

. 1 (T T, . .
(1D, (04,02; ) = I,(01,0,) = r lim S ;1 J ;2 |If (01 + ity, 07 + ity)|?dt, dt,

11Tp>00 4T T2 =~ -
Now we define the mean value m,;(0y, ;) of |f (s, s,)] as

(1.5) my (01, 02; ) = my (01, 02)
1 oy roy rTq Ty )k .
T S . . S
Tl_lTlZn—lmo Tszeko‘leko'z_[) fo f_Tl _T2{|f(x1 +ity, x; + jty) e e’ 2 kdx, dx, dty dt,

Where K is any positive number.
These mean values defined by (1.4) and (1.5) are increasing functions of g, and o,
For

|f(51'52)|2 = f(s1,52)f (51,52)

*® 2
= E |am|” exp{2(oiAm + o,p,)}
mqn=1

+Z " Zn#\, A n@yn €XPL0y (A + Aag) + 02 (i + i) + ity (A — Ap) + ity (1n — pn)}
m#

The series on the right being absolutely convergent, the resulting series is uniformly convergent for any finite t; and t, range,
therefore integrating term by term, the terms for which m#= M, n# N, vanish as T;, T, — oo and we get

1800 = ).

m

2
Namn|" exp(2(0, 4 + a1}
n=
Hence I,(03, 0,) is an increasing function of ¢; and o,. Also from (1.4) and (1.5)
4 o
(L.7) myy(0y,05) = mfo "I (e, xp)e ez d dx,

Using (1.6) we obtain

g1 g2 o
4 2
my i (01,0,) = oko1 gk, f J- [ Z |am,n| exp{2(0ydm + oapty)} €¥¥1e*¥2dx, dx,)
0 0

mn=1
—4 i |am’n|2 (ezllmcrl — e"“’l) (e2Hno2 — e_kgz)
(2/1m + k)(z,un + k)
mn=1

Thus m, (a4, 05) is also an increasing function of oy and o,.
We now prove following Theorems.
Theorem 1

Log I,(0,,0,) is a convex function of g, for a fixed value of ¢, and
Vice-versa.

Proof
Let I3, I}/ denote partial derivatives of I, with respect to ;. Then

92 113 132
60'12 (log 12) - 122 [}

And by Schwarz’s Inequality
~G1~
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1?2 = [2|am_n|221m exp{2(o;A,, + azun)}]

< [E|a,,m|2 exp[2{oy Ay, + x4, 31X

[Slama|” 42m>expl2{o12m + o20}]

=11y

Hence the result and vice-versa.

Theorem 2

eko1], (a4, 0,) is a convex function of e*%1m, (a1, 0,) for a fixed o,

Proof
Using (1.7) we have

4 (o}
a{ekallz(o'l, 0'2)} _ a_o.l{ek 112(0-1!0.2)}

C”{ekalmz,k (0, 0'2)} B %{e’“’lmzyk(al, 02)}
1

9 -
kekdllz(01,U2)+€k61E12(U11U2)

a

7 61 (o
E{ekawkaz'ekal It Jo? RGaxp{el1el¥2 dx, dx,}

kekailz(%ﬂz)‘*‘ekal%h (01,02)
- 1

4
eko2

[}
-eka1 fo % Iy(o1, x2)ek*2 dx,

Since I, (a4, x,)e**2 is an increasing function of a,, x, and therefore applying the second mean value theorem, we have

a
o{e* L, (01,0,)} ke*1L,(ay, 0,) + e 3—0112(01' a3)
o{ekimy, ,(0y,0,) } 8:62 ekoil,(oy10,)ekoz f;z dx,

Where 0< ¢ < g,

a
_k12 (0'1.02)+E12 (01,02)

41(01,02)(02-%)

1 {k i (a%)(’z(ﬂpﬂz))}

T4(02-8) I(01,02)

The right hand side increases with o, for a fixedo,, follows from Theorem1.
Therefore

az{ekgllz (01,0'2)}
82{eko1m, i (01,02)}

> 0, for a fixed g,. Hence the result

Theorem 3

e*o2 I, (a4, 0,) is a convex function of e*?2m, ;, (a4, o,) for a fixed o;.
The proof is similar to Theorem 2.

Theorem 4

Log m,;(04,0,) is a convex function of o, for a fixed value of o, and vice-versa

Proof

~g2~
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Using (1.7), we have

6{109 my (07, Uz)}
doy

a
= 0. {log My (04 ,02)}
! g1 (/] (]
4 1

1
= (00, [ekoz {—ke"“’lf f L (xy, xp)e*¥ k%2 dx, dx, + o ekalf I(0,x,) e dx,}]
2,k\Y1, Y2
0 0 0

1

4 o;
:W {—kmz‘k(c)'l, 0'2) + okoz fo 2 12 (0'1, x2)ekX2 de}

Since I,(a;, x,)e**2 is an increasing function of o, x, and therefore applying the second mean-value theorem, we get

a{log my (01, 02)}
9(0y)

1

my k(01,02)

ko
{_kmz‘k(o_l, 0—2) + 412(0’:;:%]‘;—2 dxz}, 0< E < (o)
1

my i (01,02)

{_kmz,k(Upaz) + 4(0; — 5)12(01’02)}

~{a(o, - o 2o ]

my 1 (01,02)
The right-hand side increases with ¢; for a fixed a,, follows from Theorem
Therefore,

Wm, for a fixed value of a,. Hence the result and vice-versa.
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